The electrical resistivity of the accreted mountain in a millisecond pulsar is limited by the observed spin-down rate of binary radio millisecond pulsars (BRMSPs) and the spins and X-ray fluxes of accreting millisecond pulsars (AMSPs).
Introduction
Recent searches for periodic gravitational wave signals from isolated (Abbott et al. 2007b ; Wette et al. 2008; Abbott et al. 2008 ) and accreting (Abbott 2007b; Watts et al. 2008 ) neutron stars with the Laser Interferometer Gravitational Wave Observatory (LIGO) have placed new upper limits on the mass quadrupole moments of these objects. In rare instances, the LIGO upper limit beats the indirect limit inferred from electromagnetic spin-down observations, e.g. the Crab's mass ellipticity is measured by LIGO to be ǫ ≤ 1.8 × 10 −4 , approximately 25% of the indirect limit (Abbott et al. 2008) . More often, the indirect limit beats the LIGO limit, e.g. for slowly decelerating radio millisecond pulsars (Abbott et al. 2007b) .
As theoretical models for the quadrupole become more accurate and sophisticated, spin-down measurements and LIGO nondetections translate into stricter limits on the constitutive properties of a neutron star. For example, the quadrupole produced by electron-capture gradients requires a persistent lateral temperature difference of ∼ 5% at the base of the outer crust, and a normal rather than superfluid core, to be consistent with the gravitational-wave stalling interpretation of low-mass X-ray binary (LMXB) spins (Ushomirsky et al. 2000) . The compressibility of nuclear matter must be lower than ∼ 200
MeV to explain the nondetection of a gravitational wave signal from large pulsar glitches (van Eysden & Melatos 2008) . The breaking strain of the crust is bounded above by the nondetection of a gravitational-wave signal from accreting neutron stars (Haskell et al. 2007; Watts et al. 2008; Horowitz & Kadau 2009) .
In this paper, we show how the observed spin-down rates of binary radio millisecond pulsars (BRMSPs), and the spins and X-ray fluxes of accreting millisecond pulsars (AMSPs), translate into lower bounds on the electrical resistivity of an accreted neutron star crust.
The bounds arise because the magnetically confined polar mountain formed during accretion (Payne & Melatos 2004; Melatos & Payne 2005 ) must relax resistively, until the quadrupole is low enough to respect the observational limits. Such an argument can be mounted now with rising confidence, because there have been substantial improvements recently in our understanding of the structure of magnetic mountains, including studies of ideal-magnetohydrodynamic (ideal-MHD) instabilities (Payne & Melatos 2006; Vigelius & Melatos 2008 , 2009a , Ohmic diffusion (Vigelius & Melatos 2009b ), realistic equations of state (Priymak & Melatos 2009) , and hydrodynamic sinking into the non-rigid crust (Wette et al. 2009 ). The theory is now robust enough that its prediction of large ideal-MHD quadrupoles (ǫ ∼ 10 −5 ) deserves to be taken seriously. One must therefore appeal to nonideal processes, like resistive relaxation, to bring ǫ below ∼ 10 −8 , as the observational limits require.
The paper is set out as follows. In §2, magnetic mountain models are briefly reviewed, and an approximate formula is given for ǫ as a function of accreted mass, electrical resistivity, and age. The formula is applied to convert observations of BRMSP spin-down rates ( §3) and AMSP spin frequencies ( §4) into lower limits on the electrical resistivity, assuming energy conservation and gravitational-wave stalling respectively. In §5, the limits are mapped onto a resistivity-versus-temperature plot and compared with the latest theoretical calculations of the electron-phonon and electron-impurity resistivities (Itoh & Kohyama 1993; Baiko & Yakovlev 1996; Cumming et al. 2001 Cumming et al. , 2004 . The prospect of better limits from future LIGO experiments is canvassed briefly.
Magnetic mountain quadrupole
The quadrupole generated by hydromagnetic stresses from the natal magnetic field of a neutron star (before accretion begins) is too small to emit gravitational waves at a level detectable in the spin down of MSPs or by LIGO. For dipolar fields in the range 10≤ B ≤ 10 13 G (Hartman et al. 1997; Arzoumanian et al. 2002; Faucher-Giguère & Kaspi 2006) , one obtains h 0 10 −30 for the gravitational wave strain and |ḟ * | 4 × 10 −32 Hz s
for the frequency spin-down rate (Bonazzola & Gourgoulhon 1996) . A stochastic magnetic field in a type I superconducting core, or a strong toroidal field ( 10 14 G), give h 0 ∼ 10
and |ḟ * | ∼ 10 −25 Hz s −1 (Cutler 2002 ).
On the other hand, magnetic burial by accretion leads to a much larger quadrupole, as accreted material is funneled onto the polar cap. Payne & Melatos (2004) computed the unique, quasistatic sequence of ideal-MHD equilibria that describes how burial proceeds as a function of the total accreted mass M a while self-consistently respecting the flux-freezing constraint 1 . They found that the accreted matter is confined at the poles by an equatorial belt of compressed magnetic field anchored in the deep crust (Hameury et al. 1983; Litwin et al. 2001) . The resulting 'magnetic mountain' has a substantial quadrupole moment, even after it relaxes hydromagnetically through the undular Parker instability. Expressed as a mass ellipticity ǫ MHD , the final ideal-MHD quadrupole is given by (Payne & Melatos 2004; Melatos & Payne 2005; Payne & Melatos 2006; Vigelius & Melatos 2009a; Wette et al. 2009 )
with M c ≈ 2 × 10 −5 M ⊙ . Numerical simulations, where a mountain is grown ab initio by mass injection, confirm the overall scaling for ǫ MHD [with some extra oscillatory dynamics (Vigelius & Melatos 2009a) ].
Magnetic mountains relax resistively on the diffusive time scale, τ d = 8.6 × 10 7 yr, after accretion switches off (Vigelius & Melatos 2009b) . In a BRMSP, resistive relaxation proceeds roughly exponentially, with
whereη measures the resistivity η in units of 1.3 × 10 −27 s, and t is the time elapsed since accretion stops [compare Fig. 1 in Vigelius & Melatos (2009b) ]. In an AMSP, where accretion continues today, a steady state is established, where the influx of accreted material into a magnetic flux tube exactly replenishes the efflux due to Ohmic diffusion.
The steady state is attained when the diffusion time-scale equals the accretion time-scale.
As τ d is directly proportional to η, the corresponding saturation ellipticity scales as Vigelius & Melatos 2009a )
whereṀ a andṀ E are the actual and Eddington accretion rates, respectively.
Mountain relaxation is required by existing data. LMXBs should have been detected by LIGO already, if the quadrupole is as large as Eq. (1) predicts (Vigelius & Melatos 2009a ).
Yet directed searches have found nothing to date (Abbott 2007b; ).
In general, the magnetic mountain axis is tilted with respect to the rotation axis.
Hence the star precesses 2 , generating gravitational waves at f * and 2f * . The polarized wave strain is written down elsewhere (Zimmermann & Szedenits 1979; Jaranowski et al. 1998; Van Den Broeck 2005; Vigelius & Melatos 2009a) . Its characteristic amplitude is
where I zz is the moment of inertia, f * is the spin frequency, D is the distance to the source, θ is the wobble angle, and i is the inclination angle of the line of sight. For small θ, we have
We combine ǫ MHD from Eq. (1) 3. Binary radio millisecond pulsars
Spin down
If we attribute the loss of angular momentum observed in pulsar timing experiments to gravitational wave emission alone, we can write down a corresponding limit on the gravitational wave strength (Abbott et al. 2007b; Wette et al. 2008) ,
which translates to an ellipticity
where f is the gravitational wave frequency (assumed here to be 2f * ), andḟ is its time derivative.
We compare ǫ MHD and ǫ SD for those BRMSPs in the literature, whose M a has been estimated with the help of binary evolutionary simulations assuming that mass transfer is (Hobbs et al. 2004) . We find that the ideal-MHD ellipticity is higher than the spin-down limit for all but three objects (PSR B0820+02, PSR B1800−27, and PSR B1831−00, in parentheses in Table 1 ).
The latter objects are excluded from the subsequent analysis because they do not translate into limits on η.
Assuming that resistive relaxation reduces ǫ MHD below ǫ SD , and that the time available to do so is the spin-down age at the present epoch,
, and (6) to get a minimum resistivity η min . The results are presented in Fig. 1 , which displays η min as a function of τ SD on a log-log plot for the objects discussed in the previous paragraph (filled squares). A least-squares fit yields η min = 10 −27.3±0.
where we omit the single obvious outlier at τ SD = 4.5 × 10 9 yr from the fit.
Equation (6) is almost certainly too conservative (Owen 2009 ). If we assume that the electromagnetic torque exceeds the gravitational-wave torque in BRMSPs by at least the same factor (∼ 4.1 times) as in the Crab pulsar, as indicated by the results of the LIGO Crab search (Abbott et al. 2008 ) (an arbitrary assumption, to be sure, but plausible), then we arrive at a more stringent limit on η. Replacing |ḟ * | by 4|ḟ * | in Eq. (5), we find that ǫ SD doubles for all the objects plotted in Fig. 1 (open circles) . Fitting the open circles, we obtain η min = 10 −27.2±0.6 s (τ sd /1 Gyr) 
Nondetection of gravitational waves
In a similar fashion, we can obtain a less stringent lower limit on η from gravitationalwave observations. Directed searches for gravitational waves from known radio pulsars set an upper limit on the wave strain (and hence ǫ) for these objects (Abbott 2007b; . We then apply the same argument as in §3.1. where the arrows indicate that it is an upper limit). In the ideal-MHD limit, nine objects lie above the Initial LIGO threshold yet have not been detected (Abbott et al. 2007b) ,
confirming that the ideal-MHD mountain relaxes substantially after accretion shuts off.
More significantly, for all nine objects, h SD lies below the Advanced LIGO noise curve, although PSR J0437−4715 is close. Next-generation (e.g. subterranean) interferometers will significantly lower the detection threshold, to the point where future gravitational-wave observations will constrain η min more tightly than spin-down data (which are likely to be dominated by the electromagnetic torque).
Accreting millisecond pulsars
For AMSPs, we can derive a limit on the electrical resistivity by assuming that all objects are in spin equilibrium, such that the gravitational radiation reaction torque exactly balances the accretion torque (Bildsten 1998) . Watts & Krishnan (2009) instantaneously, it is enough for the present application that they balance on average over the long term.
Torque balance implies an indirect upper limit on the gravitational wave strain as a function of X-ray flux F X and spin frequency,
or, equivalently, on the gravitational mass ellipticity, The accretion torque includes a magnetic component, whose lever arm, the Alfvén radius, can extend several stellar radii (Melatos & Owen 2009) [cf. Bildsten (1998) ].
We are now in a position to compare the resistively relaxed quadrupole given by Eqs.
(1) and (3) to the observational upper limit (8) and thus obtain a lower bound on η.
Galloway (2008) tabulated D and F X for 17 AMSPs. The key properties of these objects are listed in Table 2 . Four of the objects are persistent X-ray sources; the remainder are transient, with a range of outburst and recurrence times. Burst sources are marked by an asterisk. We compute η min for these objects from Eqs.
(1), (3), and (8), and plot it againstṀ a in Fig. 3 , where we assume that all mechanical energy of the infalling matter is converted into X-ray luminosity, viz. F X ≈ (GMṀ a /R * )/4πD 2 . A power law is a reasonable fit to the data. We find η min = 10 −26.9±0.5 (Ṁ a /Ṁ E ) 0.9±0.2 for the persistent objects (solid curve, fitted to the filled squares) and η min = 10 −28±4 (Ṁ a /Ṁ E ) 0.5±0.2 for the transient objects (dashed curve, fitted to the filled diamonds).
Two AMSPs are observed to spin down secularly between outbursts. Galloway et al. attribute the spin down to gravitational wave emission alone, we can obtain an independent upper limit on ǫ (and hence η min ) by the BRMSP method in §3.1. For comparison, we include these lower bounds as open diamonds in Fig. 3 . For XTE J0292−314, the spin-down limit falls two orders of magnitude short of the limit provided by torque balance. However, in the case of SAX J1808.4−3658, spin down during quiescence provides a slightly more stringent limit than torque balance.
Resistivity versus temperature
In this section, we compare the observational limits derived above with theoretical estimates for the crustal resistivity. As η is sensitive to the temperature T , which is different in BRMSPs and AMSPs, the comparison covers two decades of temperature and hence a range of scattering mechanisms.
The thermal relaxation time of a neutron star (∼ 10 4 yr) is typically shorter than the accretion time-scale (∼ 10 6 yr). Hence, the star is in thermal equilibrium during its X-ray lifetime (Yakovlev & Pethick 2004) , with its internal temperature set byṀ a . Once accretion stops, and a BRMSP forms, the crust cools through a combination of neutrino (e.g. via direct Urca processes) and photon cooling. Competing mechanisms, such as viscous dissipation of rotational energy (Page 1998; Yakovlev et al. 1999) , magnetic field dissipation Yakovlev et al. 1999; Miralles et al. 1998) 
and 2.8 ≤ T 0 /10 4 K ≤ 4.2. The range in T 0 encompasses two realistic equations of state for the crust (Haensel & Pichon 1994; Pethick et al. 1995; Akmal et al. 1998 ), five equations of state for the core (Prakash et al. 1988) , and a non-interacting Fermi-gas model for the whole star (Shapiro & Teukolsky 1983 ); see Fernández & Reisenegger (2005) for details.
Below, we use Eq. (9) to compute T for BRMSPs.
No simple T -Ṁ a relation is available for accreting neutron stars. For the purpose of this paper, we are sensitive to η at the base of the mountain, where the bulk of the accreted matter is confined. The base is located ∼ 0.1 − 1 km below the surface for M a ≈ 0.1M ⊙ , where we assume that the equation of state in the crust can be modelled using a Skyrme-type effective nucleon-nucleon interaction (Douchin & Haensel 2001 ). An accurate treatment of the sinking problem is presented elsewhere (Wette et al. 2009 ). The temperature profile of the accretion column, and hence T at the mountain base, is set by nuclear heat sources inside the star, the composition of the infalling matter, and the local M a . It is not directly observable.
We consider two scenarios. (i) For transient sources, the temperature in the outer crust is set by a balance between deep-crustal heating during outbursts and subsequent neutrino cooling ). The core temperature attains a steady state after ∼ 10 4 yr (Colpi et al. 2000) and the time-averaged X-ray flux F acc ≈ 0.2 Ṁ a c 2 /(4πD 2 ) can be related to the quiescent flux by F q ≈ F acc /135, where we assume an accretion efficiency of 20% (Rutledge et al. 2002) . We estimate the temperature by applying Fick's law, assuming an average thermal conductivity of κ ∼ 10 18 erg s −1 cm −1 K −1 (Haensel & Zdunik 1990) and a thermal length scale of l ∼ 1 km. This procedure is only applicable if the duration of the outbursts is shorter than the thermal diffusion time of the crust, which is not always true. For example, AMSP KS 1731−260 accretes actively for 13 yr (Rutledge et al. 2002; Brown & Cumming 2009 ).
We note that, according to the Wiedemann-Franz law, the thermal conductivity κ and the electrical conductivity σ are related through κ/σ = π 2 /3(k B /e) 2 T at a temperature T , where e denotes the electron charge in cgs units. This agrees well with the theoretical values for σ (dashed lines in Fig. 4 ) under the assumption that κ ∼ 10 18 erg s
(ii) For persistent sources, most of the heat released by thermonuclear burning is immediately radiated outward and the interior thermal balance is dominated by pycnonuclear reactions in the deep crust. Thus, the temperature in the photosphere is set by the accretion energy flux (∼ GMṀ /r) and gradually increases with depth by a factor of 20 − 40 to reach (8 − 70) × 10 8 K at ∼ 1 km (for local accretion rates per unit area in the range 5 ≤ṁ/ṁ Edd ≤ 40) . In order to place a lower bound on T (and hence a lower limit on η), we adopt two independent approaches. First, we assume that the observed X-ray flux is thermal and emitted by a polar cap with area ∼ 1 km 2 .
We then apply the Stefan-Boltzmann blackbody formula, neglecting free-free corrections (Zavlin et al. 1996) . The results are verified by comparing with X-ray spectral models in several objects, e.g. for IGR J00291+5934 (Falanga et al. 2005) . Second, we follow a procedure similar to the transient sources by assuming that the temperature gradient is balanced by the quiescent flux (which is not observed directly but is less than the observed flux) and again apply Fick's law.
We combine the above T estimates with the observational η limits in Fig. 4 , which displays η min (in s) as a function of T (in K). For BRMSPs, our fit for η min as a function of τ SD in Fig. 1 , and the T -τ SD relation in Eq. (9), convert into a resistivity-temperature The electrical conductivity of the neutron star crust is caused by electron scattering off phonons and impurities (Cumming et al. 2001 (Cumming et al. , 2004 . For temperatures below the Umklapp temperature (T U ≈ 10 7 K), electron-phonon scattering is suppressed. In rapid accretors (Ṁ a 10 −11 M ⊙ yr −1 ), phonon scattering dominates for Q 1. The impurity fraction depends on the composition of the ashes produced in steady-state nuclear burning at low densities. Schatz et al. (1999) found a large variety of nuclei in the crust, with Q ≈ 100, except in rapid accretors (Q ∼ 1 forṀ 30Ṁ E ). Jones (2004a) Q 10 −2 in their model for magnetic field dissipation.
6. Discussion Future gravitational wave experiments will tighten the above limits. Advanced LIGO, for example, offers a narrowband configuration, which lowers the instrumental noise by two orders of magnitude . The main challenge to searches is posed by parameter uncertainties (Watts et al. 2008) . Here, simultaneous electromagnetic observations will prove beneficial, reducing the number of search templates and the computational effort.
In any case, this paper illustrates one of the ways in which even gravitational-wave nondetections yield important independent information about the constitutive properties of neutron stars.
Several shortcomings in the theoretical modelling of magnetic mountains still need to be addressed, most notably sinking of the mountain into the crust (Wette et al. 2009 ), and a realistic equation of state which includes nuclear reactions. In addition, in the context of this article, it is important to ultimately include the Hall effect. While it is not dissipative, the Hall effect transfers magnetic energy from large to small scales through a Hall cascade (Goldreich & Reisenegger 1992) . The small-scale magnetic structures subsequently decay on the Ohmic timescale. The Hall timescale, t Hall , has been computed for neutron star crusts by Cumming et al. (2004) , who found 10 3 t Hall /yr 10 7 , well below the typical X-ray lifetime of an LMXB. This result, however, is only valid as long as the impurity factor Q is low. For higher Q 1, Ohmic dissipation always dominates
Hall dissipation (Cumming et al. 2004 ). Furthermore, a subsurface toroidal magnetic field can create small-scale poloidal field structures through a Hall-drift induced instability, where a background shear in the electron velocity drives the growth of long-wavelength modes (Cumming et al. 2004; Geppert et al. 2003; Rheinhardt & Geppert 2002) . The consequences of this instability for the magnetic field evolution in neutron stars are still unclear; perturbations to the crustal field are effectively reflected by the solid/fluid interface and might be trapped in the lower crust layers (Cumming et al. 2004) .
In this paper, the theoretical ǫ is intentionally calculated differently for BRMSPs and AMSPs. On the face of it, this seems unnecesary, given that BRMSPs evolve from AMSPs.
But we are forced to take this approach because we do not know the historicṀ a for any specific BRMSP. Hence, we cannot apply Eq. (1) to get ǫ MHD , while Eq. (2) does not apply in the context of ongoing accretion. On the plus side, however, the effect of Ohmic diffusion during ongoing accretion has not been studied properly in two and three dimensions, as Cumming et al. (2001) pointed out. It is therefore an advantage to have two independent calculations for the two classes of objects, pending further studies.
Finally, if the magnetic mountain picture of field evolution is accurate, then the spin-down limits in §3.1 can be combined with magnetic moment data for BRMSPs to test the self-consistency of the argument in this paper. For example, if the buried magnetic -23 -field is anchored deep in the core, it resurrects as the mountain relaxes resistively, tending towards its natal value over many τ d . This can lead to an inconsistency if ǫ SD /ǫ MHD is too small, for then the resurrected magnetic moment may exceed the value observed.
Unfortunately, the above test cannot be applied (yet) with confidence, because it rests heavily on the assumption that the magnetic field is anchored in the core. If, by contrast, the source currents are confined to the crust, minimal field resurrection occurs; both ǫ and the magnetic moment decay resistively, and no useful constraint emerges. The question of where the field is anchored, crust or core, is hotly debated and remains one of the main obstacles in understanding magnetic field evolution in accreting neutron stars (Konar & Bhattacharya 1997; Ruderman et al. 1998; Pons et al. 2009 ).
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